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The cross-sect ional  temperature profile of a tubular reactor  with radiative heating is cal-  
culated analytically. 

The design of high-temperature chemical reactors  is a difficult problem and has not yet been defini- 
tively solved to this very  day. Essential for calculating the diameter of a reac tor  tube is the knowledge of 
the temperature profile across  the tube. 

Under conditions of variable thermal conductivity and uniform irradiation of the lateral  surface, the 
authors attempt here to establish the relation between temperature and tube radius in the case of hYdrocar- 
bons undergoing pyrolysis.  Hydrocarbons undergo pyrolysis  at high values of the Reynolds number, 
i .e. ,  under turbulence conditions. In view of this, determining the temperature-dependence is closely in- 
volved with selecting the proper  coefficient of turbulent viscosity. We have made the choice on the basis 
of published data [1-10] and assume a radial viscosity profile most closely corresponding to the given pro-  
cess.  

An analytical solution to the problem is found by dividing the total stream into a laminar sublayer and 
a mainstream region, both t ransfer  mechanisms being operative in the latter.  The two solutions, separate 
for each region, and then smoothly coupled at the edge of the laminar sublayer into a single solution for the 
entire tube. 

The cross-sect ional  temperature profile of a tube is defined by the equation 

1 d (~,(r)r dT__~ _~ qpk~(c )=  O. (1) 
" - - r - ' - ~ r  ar / 

The process of hydrocarbon pyrolysis is essentially a f i r s t -order  reaction [11-15] with heat absorp-  
tion, i.e.,  here 

qp = - -  t qp l, k[ (c) ~- kc. (2) 

The temperature-dependence of the coefficient of the reaction rate is determined according to the 
Arrhenius equation 

k = k o exp ( - - E / R T ) ,  k o = const. (3) 

We factorize the exponent as in [16], i.e., 

exp ( "  E/RT)  ~ exp (--E/RTo) exp (17. (T - -  To)/RTg) , (4) 

with T O denoting the temperature near which the reaction occurs.  We then change to dimensionless va r i -  
ables 

0 = E (T - -  To)/RTg, x = r/Rrp, kx = L/3"o, (5) 

and then, with the aid of (2)"(5), Eq. (1) yields 

( l -  l_!_. d ~ l ( x ) x  dO f3 expO, (6) 
x dx dr  ~o 
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w h e r e  

6 = [% [ ckot~ t E exp ( - -  E/RTo)/RT~. 

We nex t  f o r m u l a t e  the b o u n d a r y  cond i t ions .  A s s u m i n g  a l i n e a r  t e m p e r a t u r e  p r o f i l e  in the  tube  wa l l*  and 
c o n s i d e r i n g  tha t  the r e a c t a n t  m i x t u r e  is  h e a t e d  r a d i a t i v e l y ,  we  have  

. + - 

T h e  o the r  b o u n d a r y  condi t ion  is  the condi t ion  of a f in i te  | a t  the tube ax i s .  

The  t h e r m a l  conduc t iv i ty  ~l (x) c o n s i s t s  of  the m o l e c u l a r  c o m p o n e n t  and the  t u r b u l e n t  c o m p o n e n t ,  the  
l a t t e r  be ing  c a l c u l a t e d  f r o m  the coe f f i c i en t  of  t u r b u l e n t  v i s c o s i t y  a c c o r d i n g  to [2, 3]. In  d i m e n s i o n l e s s  f o r m  
~l(x) is  

[ 1 + a~x (~ - -  x ) ,  0 ~ x ~ a, 
(x) 

1, a . ~ x ~ .  1, 

w h e r e  a = 1 - 6 0 / R  t ,  60 deno te s  the  t h i c k n e s s  of the l a m i n a r  s u b l a y e r ,  and cons t an t  04 depends  on the p r o -  
c e s s  c h a r a c t e r i s t i c s .  

Since th is  i s  the f o r m  of  funct ion  Zl(x), i t  is  l og ica l  to so lve  the p r o b l e m  fo r  two r e g i o n s :  the l a m i n a r  
s u b i a y e r  (I) and the r e m a i n i n g  r e g i o n  (II) w h e r e  both t r a n s f e r  m e c h a n i s m s  a r e  o p e r a t i v e ,  w h e r e u p o n  to 
couple  both so lu t ions  s m o o t h l y  a t  the  edge  of  the l a m i n a r  s u b l a y e r .  

I .  a - x _ 1, Zl(x) ~ i and  Eq.  (6) b e c o m e s  

I . __d (x  d-~-xO ) = __5 expO. (8) 
x dx . ~'o 

F o r  (8) we find two so lu t i ons ,  by a subs t i t u t ion  p r o p o s e d  in [16], but  one of  t h e m  can  be  shown not  
to y i e ld  a s m o o t h  o v e r a l l  so lu t ion  fo r  the  e n t i r e  tube  and,  t h e r e f o r e ,  m u s t  be  d i s c a r d e d .  F ina l l y ,  fo r  the 
d i m e n s i o n l e s s  t e m p e r a t u r e  | in the l a m i n a r  s u b l a y e r  we have  the fo l lowing e x p r e s s i o n  

0 = In 4c[~' xVr- 

26c~ n) 
z~ -2 exp (c~ n) l/c(-~T) (9) 

~0 exp (c~n, ]#c(-~)] 2 

w h e r e  c o n s t a n t s  el (n) and  c2 (n) a r e  y e t  to be  def ined .  

II .  0 - x _< ~ .  Within  th is  r e g i o n  we m u s t  so lve  Eq.  (6). The  so lu t ion  can  be  found by  the m e t h o d  of 
s u c c e s s i v e  a p p r o x i m a t i o n s .  T h e  r i g h t - h a n d  s ide  of  the f i r s t  a p p r o x i m a t i o n  is  a s s u m e d  equal  to z e r o ,  
e q u i v a l e n t  to the a b s e n c e  of  any  r e a c t i o n .  F o r  th is  c a s e ,  Cons ide r ing  tha t  | m u s t  be  f ini te  a t  the ax i s ,  we 

have  

01 = c~ 1) = const. (10) 

We nex t  s m o o t h l y  couple  @1 with  (9), which  t o g e t h e r  wi th  the b o u n d a r y  condi t ion  a t  the tube wa l l  (7) 
(1) c (1) and c (1) P r o v m  the e x m t e n c e  of  y i e l d s  a s y s t e m  of  equa t ions  fo r  d e t e r m i n i n g  the c o n s t a n t s  c 1 , z , 4 - " g " 

a so lu t ion  to th is  s y s t e m  r e d u c e s  to p r o v i n g  the e x i s t e n c e  of  a so lu t ion  to a t r a n s c e n d e n t a l  equa t ion  wh ich ,  
a s  h a s  t u rned  out ,  i s  of  the f o r m  in e v e r y  a p p r o x i m a t i o n :  

~.oRT~ [ ~xX. (b,, -i- x,,) (x .  - -  2) -,- (b , , - -  x,,) (x,, -'-- 2) ] T~ = [  RT2 ( ~.o6w 

- -  ExR------(-" ~ "  (b,o "I- x;,) -I- (x,, - -  b,~) - -  -~- - -  ~wRt 

- ( )) ] X ~ (b,, _L_ x.) (x,, - -  2) -~- (b. - -  x..) (x~ + 2) + In 2~'~ x ~  ~ (b~ - -  x 2) 4 _ , , , + T O , ( 1 1 )  x. cr xn (b,~ + x,,) + (x,~ - -  b~) . 5 [a (b,, -t- x.) + (x. - -  b.)] 2 

w h e r e  

l / f  a dO,, , (12) 26c~'O b,~ = 2 + - - - d ~  x=~ 
X n ~ -  ~'o ' 

* T h i s  is  p e r m i s s i b l e ,  b e c a u s e  the  c u r v a t u r e  of  the tube  wa l l  m a y  b e  d i s r e g a r d e d .  
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A 
Fig. 1. Radial temperature profile 
of a reactor tube: obtained analyti- 
cally (solid curve) and in an elec- 
t ro lyt ic  t rough (dashed curve) .  

and n i s  the o rd e r  of the approximation.  This  equation is solved 
It  apparent ly always has a solution, if the eondi-  graphical ly.  

t ion 

RT~ [ 2(b~--2)@2b,~llncz] ] 4 
gzRt  2 ----' 5,~ [ln~l . + T| > 0 (13) 

�9 is sat isf ied.  

This  c r i t e r ion  is valid for  the given p roces s .  An evalua-  
tion of x n leads to absurd resu l t s .  Fo r  fu r ther  calculat ions,  

t he re fo re ,  we le t  Xn = 0 and thus obtain the c loses t  approximation solut ion to Eq. (11). Such a choice of 
x n is  just if ied by the feasibi l i ty of following it  up with an exact  solution to this equation and with a smooth 
overa l l  solution for the en t i re  tube. 

The second approximat ion yie lds  a logar i thmic t empera tu re  prof i le :  

O~ = a l ln  l x - -  p~] -]- a Sln [ x - -  P2] + c~ 2), 

where  constants  a l ,  a 2, Pi, and 1~ cha rac t e r i ze  the p rocess .  

F o r  the succeeding approximat ions  we take into account the smal lness  of the coeff icients  in the log-  
a r i thmic  t e r m s  (a 1 and u2). The calculat ion here  is analogous,  only the values  of a I and a2 a re  different .  

The feasibi l i ty  of an exact  solution to Eq. (11) depends on the value of p a r a m e t e r  b n, which in fact 
cha r a c t e r i z e s  the gradient  d| a t  the edge of the laminar  sublayer .  Consider ing the r e e u r r e n c e  r e l a -  
tion between b n, bn .  i , bn-2 as well as the re la t ion between these p a r a m e t e r s  and the coeff ic ients  in the 
exp res s ion  for On_ a , we find that the solution will be exact  for  b?. Knowing b 7, we find x z f rom (11) and 
with it  all o ther  constants ,  i .e . ,  we obtain the following t empera tu re  prof i le  of the ma ins t r eam:  

O ~ ~1  In Ix - -  Pit J,- cz~ In ]x -- P~.I -I- %x -I- e~ z), 
where  a 1 is the determining eoeffieient .  The calculat ion cannot be eontinued fur ther  by this method,  since 
~l b e e o m e s n o w  sufficiently t a rge  (as a r e su l t  of a sudden jump in bn). 

The analyt ical  solution obtained he r e  implies  an appreciable  t em p e ra tu r e  drop along the radius  of a 
r e a c t o r  tube (about 75"C), which ag rees  with the r e su l t  obtained in an e lec t ro ly t ic  t rough [181, but this t e m -  
pe ra tu re  drop is not uniform: about 25-30~ ac ro s s  the the rmal  sublayer ,  although the la t te r  is only ap-  

proximate ly  2 �9 10 -4 m thick in a tube of  radius  Rt = 6.2" 10 -~ m. 

I t  is to be noted that four fifths of the total t empera tu re  drop (about 60"C) oecurs  along one tenth of 
the radius ,  while the remaining t empera tu re  drop (about 15~ occurs  along the r e s t  of the radius .  

T e m p e r a t u r e  prof i les  obtained analyt ical ly and in an e lec t ro ly t ic  t rough a re  shown in Fig. 1. 

Evident ly,  the e lec t ro iy t ie  t rough yielded a value for the t empera tu re  d i f ference within the ma in -  
s t r e a m which was too high, because  the thermal  conductivity the re  had been s imulated [18] on the basis  

of i ts mean  values.  

NOTATION 

r is the 
T is the 
qp is  the 
E is the 
T.o is  the 
5 w is the 
Rt is  the 
~o is  the 
~w is the 
R 

1. 

radius  of any point f r o m  the cen te r ;  
t empera tu re ;  
total  mo la r  heat  of reac t ion ;  
activation energy;  
t empera tu re  of the heating gases ;  
thickness of the tube wall;  
tube rad ius ;  
molecu la r  component of  thermal  conductivity;  
the rmal  conductivity of the wall ma te r i a l ;  

is the universa l  gas constant;  
is the S te fan -Bol t zmann  constant .  
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